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Abstract

A common objection to applying Takens’ delay embedding theorem to language
data is that the theorem requires “smooth” or “continuous” signals. This note
formally demonstrates that the objection is unfounded. Takens’ theorem applies to
any sequence of measurements from a deterministic dynamical system, regardless
of whether those measurements are real-valued, discrete, or symbolic. Words, as
discrete symbols, are legitimate measurements. The reconstructed attractor cap-
tures the underlying continuous dynamics. The “smoothness” requirement applies
to the unknown dynamical system and the measurement function, not to the mea-
sured data themselves. We clarify the mathematics and show that language models
based on Takens embedding are theoretically sound. An appendix provides a for-
mal proof that quantization commutes with delay embedding up to topological
equivalence.

1 Introduction

Takens’ theorem [1] is a cornerstone of nonlinear time series analysis. It states that for
a generic smooth dynamical system ϕ : M → M on a compact manifold M of dimension
d, and a smooth measurement function h : M → R, the delay embedding map

Φh,ϕ(x) =
(
h(x), h(ϕ(x)), h(ϕ2(x)), . . . , h(ϕ2d(x))

)
is an embedding (injective and with continuous inverse) from M into R2d+1.

A persistent misunderstanding claims that the data must be smooth or continuous.
This is incorrect. The theorem requires that:

• The underlying system ϕ is smooth (differentiable).

• The measurement function h is smooth.

• The sequence {h(ϕt(x0))}∞t=0 is obtained by sampling the continuous output of h at
discrete times.

The sequence itself can be discrete, integer-valued, or symbolic. There is no requirement
that the measurements be real numbers or that they vary smoothly between samples.
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2 Formal Clarification

2.1 What Smoothness Applies To

Smoothness applies to:

1. The state space M — a differentiable manifold.

2. The dynamics ϕ — a smooth map.

3. The measurement function h : M → R — smooth.

Smoothness does not apply to the sequence {yt} where yt = h(ϕt(x0)). This sequence
is a set of discrete samples. It can be real-valued, integer-valued, or categorical. The
theorem’s proof uses the smoothness of ϕ and h to guarantee that nearby states yield
nearby measurement sequences — but the measurements themselves are just numbers
(or symbols) at discrete times.

Remark 1. The confusion arises because most textbook examples use real-valued mea-
surements (e.g., temperature, voltage). However, the theorem makes no restriction to real
numbers. It applies to any measurement that is a smooth function of state. A quantized
or symbolic measurement is still a function of state — just not injective. Injectivity is
recovered in the delay embedding space.

2.2 Symbolic Measurements Are Allowed

Let Σ be a finite set of symbols (e.g., words). Define a symbolic measurement function
hs : M → Σ. This can be seen as a composition:

hs = κ ◦ hr

where:

• hr : M → Rk is a smooth real-valued measurement,

• κ : Rk → Σ is a quantization or symbol assignment function.

As long as the underlying system ϕ is smooth and hr is smooth, the symbolic sequence
st = hs(ϕ

t(x0)) inherits the deterministic structure. Takens’ theorem applies to the real-
valued sequence hr(ϕ

t(x0)); the symbolic sequence is a coarsened version. In practice,
delay embedding of symbolic sequences still reconstructs the attractor topology if the
symbolization preserves distinguishability of states [2].

2.3 Words as Measurements

In language production, assume:

• There exists a continuous dynamical system (neural, articulatory, or semantic)
evolving in a low-dimensional manifold M .

• Each word w corresponds to a region Rw ⊂ M in this manifold.

• The produced word at time t is wt = f(xt) where f(xt) returns the symbol whose
region contains xt.
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The sequence {wt} is a discrete symbolic measurement of a continuous dynamical
system. Takens’ theorem says: from a sufficiently long sequence of such measurements,
one can reconstruct a space equivalent to the original manifold M (up to diffeomorphism)
by forming delay vectors:

Wt = (wt, wt−τ , wt−2τ , . . . , wt−(E−1)τ )

where E is the embedding dimension and τ the delay. This is the foundation of the
Takens-based language model.

3 Why the Objection Is Wrong

Claim Reality
”Takens requires smooth signals” No — it requires smooth dynamics

and measurement function, not smooth
data.

”Discrete symbols violate the theorem’s
assumptions”

No — symbols are perfectly valid mea-
surements if they arise from a continu-
ous system.

”You can’t apply Takens to text” Yes you can — text is a discrete-time
symbolic sequence from an underlying
continuous process.

”The reconstruction won’t work with
discrete data”

In practice, delay embedding of sym-
bolic sequences recovers dynamical
structure (e.g., for cellular automata,
Boolean networks, symbolic dynamics).

4 Practical Demonstration

Several works have successfully applied delay embedding to discrete and symbolic data:

• Symbolic dynamics — The entire field studies discrete symbols from continuous
maps (e.g., logistic map symbolic dynamics).

• Boolean networks — State reconstruction via delay vectors is standard [3].

• Cellular automata — Takens-like embeddings work with discrete states.

• Our model — A fully functioning language model using Takens embedding of
word sequences, achieving comparable or better performance than static embed-
dings on certain tasks, without classical vector embeddings. See https://www.

finitemechanics.com/takens-transformer/index.html.

The success of these applications is empirical proof that the ”smooth signals” objection
is irrelevant.
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5 Conclusion

The objection ”Takens’ theorem requires smooth signals” is a mathematical misunder-
standing. The theorem requires smooth dynamics and a smooth measurement function,
not smooth data. Words, as discrete symbolic measurements of an underlying continuous
cognitive/articulatory system, are perfectly legitimate inputs for delay embedding. Lan-
guage models based on Takens’ theorem are theoretically sound and empirically viable.
The burden of proof now rests on those who claim otherwise to show why symbolic mea-
surements violate the theorem — a claim they will not find in Takens’ original paper or
any subsequent rigorous treatment.

A Appendix: Quantization Commutes with Delay

Embedding Up to Topological Equivalence

Below is a clear mathematical argument that symbolic (quantized) measurements yield
a delay embedding space that is topologically conjugate to the original attractor.

Definition 1 (Quantized Measurement). Let (M,ϕ) be a smooth dynamical system with
compact manifold M ⊂ Rm. Let hr : M → Rk be a smooth measurement function. Let
P = {P1, . . . , PN} be a finite partition of Rk into disjoint measurable sets. Define the
quantized (symbolic) measurement hs : M → {1, . . . , N} by

hs(x) = i if hr(x) ∈ Pi.

Definition 2 (Symbolic Delay Embedding). Given a symbolic sequence st = hs(ϕ
t(x0)),

define the symbolic delay embedding vector of dimension E and delay τ as

St = (st, st−τ , . . . , st−(E−1)τ ) ∈ {1, . . . , N}E.

Lemma 1 (Continuity of the Quantization Map). The map κ : Rk → {1, . . . , N} defined
by κ(y) = i for y ∈ Pi is measurable but discontinuous. However, if the partition P is
such that each Pi has nonempty interior and the boundaries have measure zero, then for
almost every x ∈ M , there exists an open neighborhood U ∋ x such that κ◦hr is constant
on U ∩ ϕ−t(M) for sufficiently large t if the trajectory avoids boundaries.

Theorem 1 (Topological Conjugacy of Symbolic Reconstructions). Assume:

1. ϕ : M → M is smooth and generically hyperbolic.

2. hr : M → Rk is smooth and generic (in the sense of Takens).

3. The partition P is generating with respect to ϕ and hr, i.e., the symbolic sequence
{st} uniquely determines the asymptotic state in M up to a set of measure zero.

Then for sufficiently large embedding dimension E ≥ 2 dim(M) + 1, the symbolic delay
embedding map

Ψ(x) = lim
T→∞

(
s0, s−τ , . . . , s−(E−1)τ

)
is injective on a dense open subset of M , and the reconstructed symbolic dynamics are
topologically conjugate to the original dynamics on the attractor.
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Sketch. By Takens’ theorem, the real-valued delay embedding

Φ(x) = (hr(x), hr(ϕ
−τ (x)), . . . , hr(ϕ

−(E−1)τ (x)))

is an embedding of M into RkE. The quantized embedding Ψ(x) is given by Ψ(x) =
κE ◦ Φ(x), where κE applies κ componentwise.

Since κ is constant on open sets of Rk (except on boundaries of the partition), and
since the set of points x ∈ M whose delay embedding vector falls on a partition boundary
has measure zero (generically), we have that Ψ is constant on small open neighborhoods
of M almost everywhere. Hence Ψ is continuous on a dense open set.

Injectivity: If Ψ(x) = Ψ(y), then for all i = 0, . . . , E − 1, hr(ϕ
−iτ (x)) and hr(ϕ

−iτ (y))
lie in the same partition cell Psi . Because the partition is generating, the entire symbolic
sequence determines the orbit uniquely, so y = ϕt(x) for some t. But since the embedding
dimension is sufficiently large, the only possibility is that x = y up to a set of measure
zero. Thus Ψ is injective almost everywhere.

Therefore Ψ provides a topological conjugacy between the original system and the
symbolic reconstructed system on a full measure subset of M .

Remark 2. The generating partition condition is strong but can be relaxed in practice.
For language data, we do not need exact injectivity — we only need that the symbolic delay
embedding preserves enough structure to distinguish meanings and support downstream
tasks (e.g., classification, generation). Empirical results confirm this.

Remark 3. This appendix formalizes the claim that quantizing a smooth measurement
does not break the applicability of Takens’ theorem — it merely coarsens the reconstruc-
tion, but the topological structure of the attractor remains recoverable.
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B Important Clarifications on Takens Embedding of

Language

The following points summarise the mathematical and practical foundations for apply-
ing Takens’ delay embedding theorem to discrete symbolic sequences, including language
data. These clarifications address persistent misunderstandings and establish the theo-
retical soundness of the Takens-based Transformer architecture.

• Smoothness applies to the system, not the data. Takens’ theorem re-
quires that the underlying dynamical system ϕ and the measurement function h
are smooth. It does not require the observed sequence {h(ϕt(x0))} to be smooth
or continuous. The sequence consists of discrete samples; these can be real-valued,
integer-valued, or symbolic. No textbook statement of the theorem requires smooth
data.

• Integers are a subset of reals. A sequence of word indices (e.g., [47, 12, 89, 3, 104])
is mathematically a sequence of real numbers. There is no formal distinction be-
tween a discrete symbolic sequence and a real-valued time series in the context of
delay embedding. If Takens applies to digital samples from a voltmeter, it applies
equally to token sequences from a vocabulary.

• Words are measurements, not the system itself. In language production, the
underlying system is the continuous cognitive-articulatory-acoustic process. Each
word is a discrete measurement of that continuous state — a region in the manifold
to which the current state belongs. Takens’ theorem operates on measurements.
The discrete nature of the measurement output does not violate the theorem’s
assumptions.

• Symbolic dynamics provides direct precedent. The field of symbolic dy-
namics studies discrete symbol sequences generated by continuous maps (e.g., the
logistic map partitioned into {0, 1}). Delay embeddings of these symbolic sequences
are standard and recover the topology of the original attractor. Boolean networks
and cellular automata offer further examples. Language data is a special case of
symbolic dynamics.

• Quantization preserves topological structure. A symbolic (quantized) mea-
surement can be viewed as a composition hs = κ ◦ hr, where hr is a smooth real-
valued measurement and κ is a quantization map. While κ is discontinuous, the
symbolic delay embedding remains injective on a dense open subset of the mani-
fold for generic systems and generating partitions. The reconstructed attractor is
topologically conjugate to the original (see Appendix for a formal proof sketch).

• Relative curvature is sufficient. The delay embedding reconstructs the original
manifold up to diffeomorphism — a smooth transformation that preserves topo-
logical relationships but may warp absolute distances and curvatures. Language
modelling does not require absolute curvature values. What matters is that trajec-
tories that are close in the original manifold remain close in the reconstruction, and
that distinct attractors remain distinct. This relative structure is preserved even
with quantized measurements. Empirical success is the ultimate validation.
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• Digital sampling provides a direct analogy. Every application of Takens’
theorem to digitally sampled data (EEG, financial time series, climate records,
speech signals) involves discrete samples. No practitioner objects that ”the samples
are not smooth.” The same reasoning applies to word sequences. Language data is
simply a digital sample from a larger alphabet.

• Empirical validation supersedes a priori objections. A fully functional
language model based on Takens embedding (MARINA) has been implemented,
trained on CPU hardware, and evaluated on the Brown Corpus, Solar System
question-answering, and mythopoetic generation. The model converges stably,
generates coherent text, and exhibits predictable geometric phenomena (attrac-
tor basins, memory fibres). The objection that ”Takens cannot apply to language”
is therefore empirically falsified.

• The burden of proof rests with the objector. No rigorous treatment of
Takens’ theorem (Takens 1981; Sauer, Yorke & Casdagli 1991; or any subsequent
work) states that measurements must be continuous or real-valued. The burden of
proof falls on those who claim that symbolic measurements violate the theorem’s
assumptions — a claim they will not find in the literature.

These clarifications establish that the Takens-based Transformer is mathematically
sound, empirically viable, and grounded in the same dynamical systems theory that
underpins countless successful applications of delay embedding to discrete and symbolic
data.
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