
The Attralucian Essays:

Exploring the Finite



First Edition

Copyright © 2026 by Kevin R. Haylett. All rights reserved.

This work is shared under the Creative Commons Licence.

Creative Commons CC BY-ND 4.0 License.

https://creativecommons.org/licenses/by-nd/4.0/

This work is intended for academic and research use. Any

unauthorized distribution, modification, or commercial use

beyond the creative use license is strictly prohibited. Typeset in

LATEX



The Attralucian Essays

Geofinite Kolmogorov Complexity Thesis

Kevin R. Haylett



On Kolmogorov Complexity

The Geofinite Kolmogorov Com-

plexity Thesis

Overview

Kolmogorov complexity measures the information con-

tent of an object by asking for the length of the shortest

program that can generate it. In its classical form, for a

string x and universal machine U , it is defined as

KU(x) = min{|p| : U(p) = x}.

This elegant definition captures a deep intuition: an ob-

ject is simple if it has a short description, and complex if

it cannot be compressed.

Yet classical Kolmogorov complexity is uncomputable.

No general procedure can determine the shortest pro-

gram for an arbitrary string. Its exact value lies beyond

finite computation, because verifying minimality requires

ruling out all shorter programs, including those whose

halting behavior may be undecidable.

This paper presents the Geofinite Kolmogorov Complex-

ity Thesis. Through the lens of Geofinitism, Kolmogorov

complexity is reframed not as an inaccessible Platonic

minimum, but as a measured description length under fi-

nite machines, finite encodings, finite budgets, and stated

uncertainty. The classical quantity is retained as a use-
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ful limiting fiction; the admissible object is the auditable

compression protocol.

Introduction

Kolmogorov complexity was developed in the 1960s by

Andrey Kolmogorov, Ray Solomonoff, Gregory Chaitin,

and Leonid Levin. It provided a formal bridge between

computation, randomness, compression, and information.

A string such as

1010101010101010

appears simple because it may be generated by a short

rule. A random-looking string of the same length may

require a program nearly as long as itself.

The power of the theory lies in its independence from

ordinary statistical assumptions. Instead of asking how

probable a string is under some model, it asks how short

its generating description can be. But this power comes

at a cost: the exact shortest description cannot generally

be found.

Geofinitism accepts the insight while rejecting the inad-

missible demand. In finite reality, one does not possess

access to all possible programs, all possible encodings,

or unbounded search time. What can be measured are

compressor outputs, model codes, decoder costs, search

budgets, uncertainty bands, and stability under pertur-
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bation.

Classical Kolmogorov Complexity

Let U be a prefix-universal machine. The Kolmogorov

complexity of a finite string x ∈ Σ⋆ is:

KU(x) = min{|p| : U(p) = x}.

The invariance theorem states that for two universal ma-

chines U and V ,

|KU(x)−KV (x)| ≤ cUV ,

where cUV is a constant depending only on the machines,

not on x.

This theorem gives the classical theory its apparent uni-

versality. However, the constant may be large, machine

choices are not physically neutral, and exact minimiza-

tion remains uncomputable. The theory therefore sup-

plies a profound abstraction, but not directly an opera-

tional measurement.

Geofinitist Reframing

Geofinitism treats description length as a measured re-

lation between object, machine, encoding, budget, and

provenance. A program is not merely an abstract string.

It is a finite executable artifact interpreted by a specified
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system.

Fix a prefix-universal reference machine U with prove-

nance PU , including implementation, version, flags, en-

coding, and decoder conventions. A run of program p is

represented as:

RunU(p) =
(
y, εy, PU ; T, εT ; S, εS

)
∈ M,

where y is the observed output, εy the output uncertainty,

T the time used, S the space used, and PU the provenance

of execution.

A program is a successful witness for x when:

dM(y, x) ≤ τ

within stated resource caps.

Measured Kolmogorov Complexity

For tolerance τ and budgets B = (Tmax, Smax), define:

KM
U,τ,B(x) = min

{
|p| : dM

(
RunU(p), x

)
≤ τ, resources ≤ B

}
.

This is the measured, budgeted Kolmogorov complexity

of x.

Unlike classical KU(x), this quantity is not presented as

an exact universal invariant. It is a finite claim: under

machine U , tolerance τ , budget B, and provenance PU ,
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the shortest discovered witness has length |p|.

If no sufficient witness is found, the result is not a meta-

physical claim of incompressibility. It is:

no shorter description within B,

or, where appropriate,

indeterminate.

Finite Invariance

Classical invariance becomes, in Geofinitism, a measured

tolerance band. For admissible reference machines U and

V , with documented encoders EU→V and EV→U :∣∣KM
U,τ,B(x)−KM

V,τ ′,B′(x)
∣∣ ≤ cUV ± εUV ,

where cUV = |EU→V | and εUV captures emulator over-

head variability inside the declared budgets.

Thus, “up to an additive constant” becomes a finite, au-

ditable band rather than an abstract guarantee detached

from implementation.
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Operational Upper Bounds

A compressor C with provenance PC produces a code

C(x) of length LC(x). This supplies an upper bound:

KM
U,τ,B(x) ≤ LC(x) + cC→U ± εC,

where cC→U is the decoder stub length and εC records

variability due to block size, seed, header conventions, or

implementation.

Compression therefore becomes evidence, not revelation.

A compressor does not expose the true K(x); it supplies

a reproducible upper bound under stated conditions.

Operational Lower Bounds

Lower bounds are more difficult. They may be supported

by entropy estimates, incompressibility tests, model-class

failures, or minimum description length penalties.

For a k-gram model fitted on corpus D:

KM
U,τ,B(x) ≳ |x|Ĥk(x)− penk ± εfit,

where Ĥk(x) is empirical entropy, penk accounts for model

cost and overfitting, and εfit records estimation uncer-

tainty.

Such lower bounds are not absolute. They are finite ex-

clusions over tested model classes and budgets.
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Two-Part Codes and MDL

Minimum Description Length provides a natural Geofi-

nite surrogate for Kolmogorov complexity. For a model

class M:

MDLM(x) = min
m∈M

{L(m) + L(x | m)}.

This gives:

KM
U,τ,B(x) ≈ MDLM(x)± εM,

where εM records search suboptimality, coding overhead,

priors, penalties, and search limits.

In Geofinitism, MDL is not a mere approximation to an

unreachable ideal. It is a disciplined, auditable way of

measuring structure within a finite model space.

Robust and Smoothed Complexity

A difficulty with raw description length is that brittle or

artificial encodings may give misleadingly short descrip-

tions. To address this, define smoothed complexity under

perturbations Pη:

KM
η (x) = E

[
KM

U,τ,B

(
Pη(x)

)]
.

Structured objects should retain low description length

under small perturbations. Brittle encodings should in-
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flate.

This provides a Geofinite distinction between stable struc-

ture and accidental compression.

Comparison and Abstention

When comparing two objects x and y, define:

∆K = KM(x)−KM(y).

One may decide that x is simpler than y only if:

∆K ≤ −θ

beyond the uncertainty bands.

If:

|∆K| < θ

within uncertainty, the correct outcome is:

indeterminate.

This rule prevents unjustified claims of simplicity or ran-

domness where finite evidence is insufficient.
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Stochastic Description Length

For stochastic sources with measured model p̂, define:

Lstoch(x) = − log p̂(x) + pen(p̂)± εstoch.

This may be compared against compressor-based and

MDL-based lengths. The best finite account is not the

one that invokes the most elegant abstraction, but the

one that gives the tightest reproducible bound with prove-

nance.

The Geofinite Kolmogorov Complexity The-

sis

Geofinite Kolmogorov Complexity The-

sis. Kolmogorov complexity, when treated as

an exact shortest program over an unbounded

space of possible descriptions, is an inadmissi-

ble sharp-limit fiction. Within finite measure-

ment, the meaningful object is a provenance-

bearing description length: a bounded, tol-

erant, reproducible compression claim sup-

ported by explicit machines, encodings, bud-

gets, uncertainty bands, and stability tests.
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Discussion

The Geofinite reframing does not discard Kolmogorov

complexity. It preserves its central insight: structure is

compression, and randomness is resistance to compres-

sion. What it rejects is the assumption that the ex-

act shortest description is an admissible object of finite

knowledge.

This distinction is crucial. Classical K(x) is powerful be-

cause it names an ideal. But the ideal cannot be directly

measured. In practice, one works with compressors, mod-

els, encodings, approximations, and search procedures.

Geofinitism does not treat these as second-rate substi-

tutes. It treats them as the real objects of inquiry.

The question is therefore not:

What is the absolute shortest program for x?

but:

What description lengths can be witnessed, bounded, reproduced, and stabilized?

This shift transforms Kolmogorov complexity from an

unreachable oracle into an auditable compression science.
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Collapse to the Classical Account

As budgets grow, measurement uncertainties shrink, em-

ulator constants stabilize, and search becomes increas-

ingly exhaustive, the measured quantity tends toward the

classical ideal:

KM
U,τ,B(x) −→ KU(x)

up to the usual additive constant.

However, the limit remains non-computable in general.

Geofinitism therefore retains the finite object as primary

and regards the classical value as a useful limiting fiction.

Conclusion

Kolmogorov complexity reveals one of the deepest con-

nections between computation and information: to un-

derstand an object is, in part, to compress it. Yet its

classical formulation asks for an exact minimum beyond

finite verification.

The Geofinite Kolmogorov Complexity Thesis restores

the concept to measurable reality. Complexity becomes

a finite, auditable, provenance-bearing claim. Compres-

sion becomes evidence. Lower bounds become tested ex-

clusions. Simplicity becomes a decision made under un-

certainty, not a declaration from an inaccessible ideal.

In this form, Kolmogorov complexity becomes not weaker,
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but stronger: no longer a ghostly theoretical quantity,

but a practical framework for measuring structure in the

finite world.
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