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Learning and Generalization

The Learning and Generalization

Problem: A Geofinitist Reinter-

pretation

Overview

The problem of generalization lies at the heart of machine

learning: how can a model trained on a finite dataset

make reliable predictions on unseen data? Classical sta-

tistical learning theory addresses this through notions of

risk, capacity, and convergence, often framed in asymp-

totic terms.

This paper does not reject these frameworks. Rather, it

reinterprets generalization within a Geofinitist perspec-

tive, where all quantities are finite, measured, and ac-

companied by uncertainty. In this view, generalization is

not a universal property of a model, but a measured rela-

tion between data provenance, model structure, resource

constraints, and the region of prediction.

From Classical to Measured Generaliza-

tion

Let S = {(xi, yi)}ni=1 be a finite dataset sampled from an

unknown distribution D, and let f be a model trained on

S.
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Classically, generalization is expressed via the gap be-

tween empirical and expected risk:

Egen = E(x,y)∼D[ℓ(f(x), y)]−
1

n

n∑
i=1

ℓ(f(xi), yi).

This formulation depends on an unknown distribution

and asymptotic reasoning. In practice, one observes only

finite samples and finite computations.

Geofinitism reframes generalization as a local, measurable

property within a finite data manifold.

Geofinitist Principles Applied

1. Geometric Container Space

Data does not occupy an abstract infinite space but lies

on a structured manifold M with finite resolution. Gen-

eralization is meaningful only along trajectories within

regions supported by data.

2. Measurement and Uncertainty

Predictions are measured quantities:

ŷ(x)± σy(x),

where uncertainty arises from sampling, parameter esti-

mation, and numerical computation.
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3. Layered Representation

In modern models, especially deep networks, representa-

tions evolve across layers. Generalization emerges from

the aggregation of these transformations rather than a

single global mapping.

4. Contextual Validity

Generalization guarantees depend on the specific dataset,

model, and training procedure. There is no universal

guarantee independent of these factors.

5. Finite Constraints

All learning occurs under finite resources: sample size,

computational budget, and precision. These constraints

define the limits of generalization.

Measured Local Generalization

Let M denote an estimated data manifold with metric

dM . For a point x, define a local neighbourhood:

BM(x, ρ) = {x′ : dM(x, x′) ≤ ρ}.

Define the local generalization measure:

GM(x, ρ) = E(x′,y′)∈BM (x,ρ)[ℓ(f(x
′), y′)]−E(xi,yi)∈S∩BM (x,ρ)[ℓ(f(xi), yi)]±σG(x, ρ),
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where σG captures uncertainty from finite sampling, model

variability, and numerical effects.

Uncertainty Model

A representative form:

σG(x, ρ) = k1

√
1

neff(x, ρ)
+ k2∥∇f(x)∥ρ+ k3ϵnum,

where:

• neff is the effective sample count in the neighbour-

hood,

• ∥∇f(x)∥ captures sensitivity,

• ϵnum accounts for numerical precision.

Out-of-Distribution Detection

Define the manifold distance:

dOOD(x) = min
xi∈S

dM(x, xi).

Predictions are considered reliable only when:

dOOD(x) ≤ ρmax.

Otherwise, the system reports abstention or elevated un-

certainty.
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Layerwise Generalization

For a model with K layers:

GM(x) =
1

K

K∑
ℓ=1

Gℓ(x),

where each Gℓ measures local stability at layer ℓ.

Decision Rule

A prediction at x is accepted if:

|GM(x, ρ)| ≤ θ(x),

otherwise it is flagged as unreliable or out-of-distribution.

Robustness via Perturbation

Define a perturbation operator Pη and smoothed gener-

alization:

GM,η(x) = E[GM(Pη(x))].

Stable generalization requires bounded variation across

η ∈ [ηmin, ηmax].
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Formal Core (Geofinitist Generalization

Protocol)

Context. Generalization is treated as a measur-

able, local property of a model relative to data and

resources, not as a universal asymptotic guarantee.

Measured System. Define dataset provenance

PS, model provenance Pf , and training provenance

PTrain. Predictions are measured outputs:

f(x) = (y, εy).

Local Generalization. For neighbourhood

BM(x, ρ):

GM(x, ρ) = Etest − Etrain ± σG.

Reliability Criterion. Accept prediction if:

|GM(x, ρ)| ≤ θ.

OOD Criterion. Reject or abstain if:

dM(x, S) > ρmax.

Robustness. Evaluate stability under perturba-

tions:

GM,η(x).

Reporting. All results must include uncertainty

bands and provenance.

Collapse Note. As n → ∞, ρ → 0, and uncer-

tainties vanish, this reduces to classical generaliza-

tion theory (e.g. PAC bounds). Geofinitism retains

finite, measurable regimes.
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Interpretation

Within this framework, generalization is not a binary

property but a bounded, context-dependent quantity. It

depends on:

• data density,

• model smoothness,

• computational precision,

• distance from observed regions.

Conclusion

Geofinitism reframes generalization as a measurable prop-

erty of finite systems. Rather than relying on asymptotic

guarantees, it provides an operational protocol based on

local geometry, uncertainty, and reproducibility.

This aligns learning theory with practice: models do

not generalize universally, but within bounded regions

where their predictions remain stable under finite per-

turbations.

Generalization, in this sense, is not the discovery of uni-

versal rules, but the maintenance of stability along mea-

sured trajectories within data-supported regions.
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